We define generalized vector fields, and contraction and Lie derivatives with respect to them. Generalized commutators are also defined.
Introduction
The idea of a form of negative degree was first introduced by Sparling [1, 2] . Nurowski and Robinson [3, 4] took this idea and used it to develop a structure of generalized differential forms. A generalized p-form is an ordered pair of an ordinary p-form and a p+1-form, with the wedge product of p a = (α p , α p+1 ) and
This structure was expanded to include generalized vector fields defined as an ordered pair of of ordinary vector and scalar fields [5] . Here we discuss various geometric operations such as contraction, Lie derivative, commutator etc. of generalized vector fields.
Generalized vectors and contraction
Following [5] we define a generalized vector field as an ordered pair of an ordinary vector field v 1 and an ordinary scalar field v 0 ,
Clearly, the submodule v 0 = 0 of generalized vector fields can be identified with the module of ordinary vector fields on the manifold. Generalized scalar multiplication by a generalized zero-form
This is a linear operation, and satisfies
This satisfies Leibniz rule,
but is linear only under ordinary scalar multiplication,
where µ is an ordinary scalar field.
Lie derivative
Equipped with the generalized exterior derivative and interior product we can define the Lie derivative using Cartan's formula. We will find that the resulting derivative is problematic when applied on a generalized vector field and we have to add an extra correction term. For the moment, let us define the generalized Lie derivative
Since we know how to calculate the right hand side, we find
where as usual
, and L v 1 is the ordinary Lie derivative with respect to the ordinary vector field v 1 .
To find the definition for the Lie derivative of a vector field, we demand that the following equality holds for any two generalized vector fields V, W , and any generalized p-form p a :
where we have written L V W for the action of L V on W . This is what we would like to define as the Lie derivative of W with respect to V . Using Eqs. (3) and (7) however we find that
which is not a contraction. This problem can be resolved [5] by modifying the formula for the Lie derivative of a generalized p-form to
This new and improved generalized Lie derivative satisfies the Leibniz rule,
With this modified Lie derivative we find
Therefore the generalized Lie derivative of a generalized vector field is
The commutator of two generalized Lie derivatives is also a generalized Lie derivative itself,
which allows us define the generalized commutator as
This commutator {V, W } is antisymmetric in V and W , bilinear and satisfies the Jacobi identity. For U, V, W ∈ X G (M ) , we find that {U, {V, W }} + {V, {W, U }} + {W, {U, V }} = 0 .
Therefore the space X G (M ) of generalized vector fields together with the generalized commutator { , } form a Lie algebra. S.C. would like to thank the organisers of the DAE-BRNS High Energy Physics symposium, IIT KGP 2006 for the invitation to present our work.
